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Example 6.3.5. Erpand f(z)

in Laurent's series about » = -
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T (a4 1)(2+2)
— z=Alz+2)+B(z+1)
g u=p B=1
1 1
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Example 6.3.7. Find the Laurent’s series expansion of

1<|z41]| <2

R e (_%) ) (%)

CHAPTER 6. COMPLEX | NTEG&“}E“ !

1 £ 1
z2—1 z-=2

1 2 1
z=1 (z=1)=1

1 1
+

1
z—1

1
=1

—1—(z=1)]""

|1+{z—1}+{1—1]=+.“'] provided |z -1| <}

1

in
z—z3

L 1
g—2 zl1-27)
a 1
: ;{l+gé{1 -u'.a}lc
z =z =?+z+1+1—z
. Alz4+ 1)1 —-2)+ Bz(1 —z)+ Cz(z+ 1)
(z+1)(z+2)
=% 1=A(z+1)(1—2)+ Bz(l — 2)+ Cz(z +1)

1
£=0 = A=dr=ol = Bo-dso1 = 5]

Z .3+1 1—-3

11 i
T+ =)
_ 1 T | 1
G D-173G+] " M= (G+D-1)
E 1 1
G+D)=1 2G+1 TP+
1 1 1

E{Hqi_(i_l)] T ()]
=




- - -

;3 POWER SERIES EXPANSION oF ANALYTIC FUNCTIONS

235

-wal- ()] - w4l (3]

1”[”(*"‘1) ( ) ]‘2{:1-1-21]

b () () e

6.3.8. I = —
pyample f f(z) 2+ find the Taylor series that converges in |z — i| < R and

e Laurent’s series that converges in |z —i] > R.

..-—-..

() () -]

provided |#[c1 =5 |z—i|<i| =1

=427 o5 ] e

1 1
flz) = 22 [(z—1)+if
1

I

’-_ el = li| <|z—1i

provided 1 i
5 i )
.f{:}'Ez_lf,u"=[“2(?t??)+3(=-t) _] fort<lz—

P | .
.Eﬁmm!ﬂﬁﬂ Fmd'LuufEntsseneaEIPﬂ"“mfa - R P (e

| UL;'""'CE {l:,.'ri-.-::t:+1]-=:2:mdi"="”3F?3



CHAPTER 6. COMPLEX INTEGR g, _.

236
31 - I. 1 [] _IZ:E-:-T—:IE l:{:ln I'di-"iriSiﬂ]]_}
- =175 oy
224+ 5z+0 - E:+T
= - ____-—-—-_'_
=1 (z+2)(= +3)
A B

Gz4+ T A
(z+2)(z+3) z+2 244

Alz+3) +Blz+2)
="z +2)(z+3)
s B4 T=A(z+3)+B(z+2)
g=—2 = A=-3
r=—3 = B=38

Let

(—3) 8

g T 8
:+2 z43
(i) When 2 < |2| < 3
3 B
flz}=1+ 2 -
z
L+ G)] of+ (),
i z 3
37 AN 237!
o2 (O 35
Coo8[ 2\, 2\ 8 2\ [z}
AR M RTREND -
. 2 z
pt‘l]".l'ldEﬂj E.ﬂ:la“d§{1=}2{:|3i&nd13i{:3i:"2{1'zld3

3 8
! 2l=14 -
f(z) -
=1+.—3__‘_-_§___
D+ Gr e
=]+ 3 e

|:a=+1}[1 i (?JFI‘T)} = 2-[1+ (“2_ 1)]




- - - I ‘E: EI

2R SERIES EXPANS)()
) pﬂWﬂR N oF ANALYTIO FUNCTIONS 237

51+[:-ii—1;.[1+(:irr)]"**[1+(35')]

|- (5

pruvidud

"ﬁlﬂ.nd S
#Ie:lz+1ic::2

<] = l<|z41and |z+1| < 2

i) When || > 3

2O () =] ()40

provided —-‘ < 1 and ‘E‘
- -3

<1 = 2<|zland 3 < |z| = 2] > 3

‘.!.z

“iﬂl!]]:-e 6.3.10. Erpand — { e ahout z =1 as a Laurent’s series,
P

F 2llz=1)+1]
gt g O T
E=1p = =1y

e ghl=—1)
T (z-1P
gl '2{:.3 T 1} + {2{3 = 1:”: + e ]
1 2 EE 4+ 2_3 o 2"(3 =, 1}
=E=[Ez—]}3+{z-—ﬂ’+3![¥'1:| 3 4 +]
sin z

Ple 6,3,11. Ezpand f(z) =

h

as Laurent's series about z —




238

. mE——

CHAPTER 6. COMPLEX INTrgy,
. ;




LARNGLLARITIES

—

A duockon YY) s S oy has @ Scguion by ol o
poit - F=% it $3)is aer andlybe ok §-9 .

A Saguanly of & dodson d(q) s a poik ok cwhich
e quodssn  censes i T “’a““
1sdoted ood  non- 1solated Siagulority

B %=a is a Segulonby of 1) ok if Hore s no
thor Sgulorift  coith 0 o Seall cuyela &"m”’d‘@ o the poick
%-:c'-l?, Hé) G=a 13 Sawl & be on jsojaled Wg? of M
Quockes F(F ) - oHeroie it s Callaal o0 150)ated

e_a-_ Isolaleal E]QWJQ,
(g = gt
&(3-2)
3(3-2 =o

3=Df, F=2 one Hu mg} Sm(?abn'&r'ﬂ af " duackion .
Mg over we Can craw A Small civle Groved each ¢ Mhage poiek
Sokhat 1 will conkun mjg olher E’W% otor thao ibself.
s $=0 ond =2 owe ISollcel anc?adﬂv;‘ﬁad.

eﬂ: Non - | Solated S‘Jﬂ‘?afﬂ?'}%(,

1
Coogider the duockon  FH(F) = @ i
mﬁnc&ﬁolj nok  aralyte at ML poiaks dun(?):a |
S [ E

[ ! S —

f*




LY L . - 0 owe te Sougy
L‘-& dhe @nnlﬂbm + Hene %—-:j 134 rmi&ahlzéml WF@J
because. 10 Hue neﬁ/l—.&mhmi o F=c ioe oe ladrke g
ot gmaalneﬂfﬁiﬂ& g -

Difforent Gpes of Tsdaled Swguionbes

Lek <f(g) is ccalylic ot 1o a doaato D excepk ot a
PGI{'IJ-TI %:CL_J wohdeh 13 CLi) 130'[.:1]3&:[ EIW}}&! ‘ ﬂmw‘ {0
Coo@lme  Chreles q} conke-‘a® Yotk Hﬁao-& o D wih T4y

To tha onowlws betwean Hese lwo cides we Con E’.-"(paﬂnf
Y 10 o Lowvenks Senes 10 powers of (§-a) - ket
thi3  exponsipn bhe

-j'f‘hj: ‘:Ez:} G;—-,C%-—ﬂ)ﬂ -+ 'E‘f.‘m hn{:%_ﬂj—n
=l

= Qp+ Q(§-a) +ﬂ2_£'}—mja+—- (_’;ja.){‘C;:;‘)-r __@
an 2
The  pork EG Ca(g—ay 13 callad mlﬁ&v- port cdhile

tha  pork ‘5? 'bn{:%—-asn i3 <diled the *anm'pqi pork q}ﬁ‘]
In Yelakeo dxo Hha. P‘nrm'[n[ 'P-:d.h t:ﬁw-ﬂa_mg Jhree P;ssq'hffrﬁﬂ'
I Qerfmaﬂe E.m&miiﬂ-
ol Me coefficionts by 10 @ ke zero, Ihat is fhore 55

o pradpel  parE 1w @. The Tﬁwuimm(.? terms ore A

Toglor gemies expensicr of FA(E) and this duocbeo T(F) o7 2
mads Ma%pé’fc E?& -Fﬂt-t‘.-:fﬁéj’ r;ief_-,;;—;%;l 5 Velue at'ﬂ’.}'?ﬂlﬁgﬂw
O a?m?u.tﬂ'r;{‘; whith a0 be  made Ay disagperr by r:ff’a’;"’?




ko0 " i
dhe  duoc Swhobly is callad qemuwhie sioqulonily.

‘ga" :E-{'fk) = ﬂmlf&-—cfj
I:_E, —)

pecowsl Sl 9 ~a))
—~ - g —o ~ o -
e C&-ﬂ)E (3 . y B mJ 1

has o aemevable Elﬂﬁma{ﬂ& ot § =a

= "{3”5‘)1_,‘(3“&:}&_..... |
A1) 5l

has NG Jeerm Eumtm-.nm& ﬂQﬂﬂbm pouans c.&_ (g —a) - Herxe g:a
g o Gemovehle smﬁulmna &t £,

1 €essenkel Smﬂu\ﬂw la_ |

Let te expondion tat D Conbauns G0 idnile Quaker ﬂ ﬂ%ﬂ-&w@.
powers } (§-a). Lo ths cae He pouk g=a is Said Eo be o |
essendsial suﬂﬁx.dm::fa o £ |

Qa: :f[fq:l = S|D(-§:> 'rﬂd ;353@1.&&{ S.W%r ok %:u‘ -EEQJJMP_ :
Ll 2 T |
Sﬂ(g-—n) - gl;—ﬂ - @ + @oF -

S S0
A | ot / _
(-  6@ap  10(§-a)
has lapaike oamber kLexaas 10 ve powdrs ¢(F-4
,gg%m -I:"_f' ()%Qb ﬁicvw J{@' !

T Poks |
M the procipel pork @ expoasion® codmins ooy the
Eac\aqp, boro b Han 1he E!@?&Wffh" ak a i3 krows ad
.-'"

g-o
@ smple  pole o pole

o&d‘i’a‘fé?'i



"""""

PE the Priouped pork  Ceakad o dale  number of Eovas

as by s bz Sk d ey
CS —a) C% —0) Cﬁ —-a _}"_‘"'

Then Z=a s sasl o b2 o poe g ordtr m,

" % ;
% éf‘};:l: "ET =2 1%-':'. Y VS @ Sh:hi_",lrﬂ. II:U'E.

)= 3 = g=1 is a e g o 3
@G-

ig'tz$“~?% 0 _onabkic duodioo

A =& CEEGGOOCJJ&@Q, duochvo $3) s H@Vﬂm%}

sy g d =0

) T e amas '
(3-2) C3+2)
ci[%]——ﬂ = (%Jl"l)(_‘ﬁ-—lj
(§-30(3+2)
(&+)(3-2) =o

ge=u2 om dhe  zew$.

S

®@DDekeroune, Ood clagsidy  The Snguior pos v dhe dpllocdl0h
i duaelson-

. i
G> @) = C?TE)’“" G Q)= (gﬂof—ga’fﬂ")

¢) Hipy= 2%
(§-n)°




[ sinfcg -m 1-[1;[
(3=
= S0 L'ﬂ -1-(_.3"“?:'}_
(3 -n)
| — —51;'}['_%"_“_}
| (8-
= =1 [(8-m (8-, (8-1 _ . .. ]
(%—ﬂf R s
= = L (3-P _ @S .
a-mn 31 s
2= I3 & Sape pole
a2 (*E"FF)

@) qad = (39D =

2 b = . o A
#(3+1) {I T @ T z;ff T ]
— ﬂ-l: /

=(3+7) [' "G o ey }

2 s b,
= (307 A1)+ z T
= -PF is co essenkid 5'“&“"“’“% '

Q2) Deterome Ha oatvre ood e ) Sogutanbes iy
¢ B
() €8 ) §8qy)




(il

)

{!J " | A LA
L, L
:al\l T “+ -?1-— "E:'T ]
Ir
= —1-1—| +‘£--T_+
¥ 2 6

?31!3 'S5 a pn\ﬂ_ ﬁli oydoy 2L

&l%ﬁ:fgm(—zgj
; (A L) L
(- G- ]
My ey

= 0= L 4 1
6% J:wg!'

T=0 i1 aon egsenkal Eruatﬂnﬂla-

iy



. Huqli}""'r
RESIDE 1n0TEGRATIOV. 10T

Foracas Rosidues
oluie. ak O Empiﬂ- Pj

0 duenata dor the 183

gl
Res HP - |, = Weo (G- @i‘f‘ﬁ’?
}:%ﬂ B E‘ Bﬂ = .

A sewad doreula dor the vesidud

ok o Smple pa!e /s

‘E@S ) = [es E{j‘_? = %)
=% =% o) 2(%)
hoe we assume Hat 4= RY) i
7(%)

T ¢ -

Sl of $9) ok gy w® otder pole ok § is
Res frgy= L 1 r:h“j '
3=B (D) g:ﬂ;ﬁar .n':--l L(% ~%) ﬁf?:}]}l

-I'I‘;_:I i
Pﬁfhc_r.d&f &m’ o Sewnd  oydor Pole 1) m=2

D 9y = A%+ g e
¥+
A IP'D;E'J CGre GLERL{;E‘;{
i 7+ g
=0
7(9%+1) =0

3:'"“':' oy ('%1_’_’}_:_0



5=° , %
=]

=0 1] =
P ove dhe Sk
ple. ?GWE.E

Re 4(D)
%':-I'J - ¢
%__m( §—-0) F%D
= L
%_wi%-“ﬁ gy
1%
. A
gqﬂl:%-—n"} At 4+
» F(%+1)
A%+ | !
1. =

l

T20 %™
+1

OR

———

Res ¢
i)
%:ﬁ = Hes F{?}
% = i.
(3)

\!

\

PgY= 9% 1
%)= ¥ +¥
6'l13)=3% +I




2) dtar= 509
F+aq g +4

Poles ave chtaw ed E‘E{

3 p 3
YFtag —Ty+4 =0

% = "-‘51)1

%2 =4 IS o -31:1“1!.‘_11.;1 'l:m‘l"i'-‘__

&= j
I 'S a ol "(}5—{}1-:1-!,1'2_

Res 417D

A =4 7 Pf‘&-l

2% 9(9)

PE'U- 5.-:_-:',3;
U= % 29715 +
2= 39" +4% -




%5 1| L FE"'E' % eidor _?_C= ™)

-F[i.i ::!({.1-.) = _.__I__ '1'1.-'-;; 3\ 5 - E% f}'g} j_{-'tj]i
¥

5 =%, (m-D1 §2%
Res 30 = 1 10 il‘i%""f i _"]
%= I g dy %54“1?1#7%_}31
- hen o [63—1} 50% ]
321 d% 50 23 +4)
= lm d, [50% ]
321 ¥ [ 344
= heo (3+4)s0 — soz(V)
— “0e =90, & @
25 =

3) Hg) = So2%

PUes ore. obbauned Eﬁ %E-:D
=0 |3 npdeﬁldmtw 5

Res > _ 1 liw dsp L@ D,'} Slﬂzf}']
E:D 5[ &31:' G{% (3,6

5
Ifﬂ? E!__ [Srﬂz‘b/]
] 2.0 %v-:,}-’.? d35

w ofe, (A ﬂ;(ﬂ'm‘fgj
20 990 dj

1




L o (A s0n)
j20 g§-=20 cl.fg}

= 1 lm o (—%ws2y)
(20 90 d@—‘*

I

4w %( b 8102%)

120 ‘-3*‘2@

L
—

L P 32tos 2%
i e

= 1 x 32 ws{o)
12D
=32 _ 4
/2.0 15
4) 4y = 2
L™

poles Gre  olbkatned béf I+9 =0

g =
3= 11°"1° ove dha gmple puls
Res 39D _ o R M=8
&= 30 99 9(%)= 1%
3 E
’ ) sla)= 2%
6'(1%)
O e
i IIFI: ;ﬂ



Res C.Il"%:j Res ?L"ba:‘
%;"F = tE.["I!fj
- P(-©
9! (")
20-1") /
| a0
G+ (32D

G=n 74 E1mp’\‘3 PD']E
%=~ i3 o pole ¢ oV Z

Res (3D - 4

Res (3D 2
§=7/° 2/

Res  +(3) =
§==n1 2/

ti

\



Residue. Theowro
let ey ke onalylse ioside @ Saple clwed palh <

Cnd oo <, Excepl: o @’”'E}a ﬁmal ‘Fh’t&tdﬂi P::mmh ‘3’ 8- [2{

ingide 2. "“ﬂmﬂ fha mﬂﬂﬂ al 45D toke Gwdﬁrci.ur:.-‘r.mm |
Oroend € equals 20 fyaes e 2 qf rasjdues of F(3)at
%b ba- o e |

e éii‘h?}i% = ;_mr;i" Res ()

NEL
Hem s
| DRy

Eveluole. ‘1‘:_ = e O s (A1 =3
R Si&ﬁ.nLar ponk  ore Skbnneal I:& Em"—"ﬁ

%-——1:5

TFT=2

2l =2 <2 3

=2 lies ioside <

Res 4> -  P(2D Ry PR Y
3-2 > )= 3-2
ghg) =

|

[_% vesidea “Thoorem f{___ - .?,.i']'.-'aﬂ dﬁ:m:r&l Fed) il
-2

= ..?.J_-I'ID.?': 4
_ Q
= 3’&;

L) Evoluale f Ccosny 4

= ?IT—_.J

¢ whpe ¢ id M Tédﬂ'?{ﬁ Qolf W?ﬁ’f&’#

v}
—z 7
115 2




ore Obltatnast 'ﬁ Eﬂh% %1- \=0
g =
g =11, 71 aedhe Saple poles

{_:-‘:Ll;"'} ‘ Cﬂ.ﬂ)
— = ?)_[ B | B
A | (2,71

A=1,-1 loth lien i0sicle ¢

e Ja) - PO
3=) Q1) (3= %!
ci'{%) =2

ﬂrﬁjz (D,Sﬂ‘.ﬁ

) cCEf =




3
\') ﬂi\l&ﬁm&- <£[’?5‘): &_ﬂ':ﬁ_ Coonker clock Unde. Gyepael fAe Coyveld
%=1
X I'I.%-‘l. = %__ :

=) ") o= Ju Smple oles

il-=, 4 % =5
=2

J_ll' = | "3",..-"l

- ~‘§}-:L—1 both s asele ¢

Re (%D _  PC1) Pgr= baoy
= A 4D I(F) = g
. ol gligr=2%
Tz
Resd(y) _  pe—v
= Ean g {12
— ool—1)
—
=~ - Een(l)
E"a Eesidua fﬁW;
B 4y St AR
c i} EI"JU[ t_f-_::i_g) 3 6&';(1)]
= 27°ben()
—t.

N




N

;) Belvate &quﬁd? G- s BN IHLa A onddD ey

Lok &%) = o = Siog
oas %

A
|
sy =0 < §=(o+0L ,nez 2 g

0 =0 <3 -p O ap sp

Elﬂﬂ':

() wwn C:l%l=)

Al ghe Siegudor poieh Lles oukside <

il f’:.& Residug .;H\g,‘h-ﬂrﬂ l tm%i’ﬁ = 27 F[E‘Ef]

= 27 A0

=L

i

IL”) oo ¢ ]%F = 7

3'1'- = - : ' i
'\EUJ.G'T FG\'—"LJ& %—%} g lien 1130l /‘“—\1]:1 |

dd _ A 2 :
%‘;% ‘i.liﬂ-’zj '

8) P@)= 5109

—jm{ﬂf{) = 9(%) = sy
i-‘m) = _53’.-'13/

i
i

Re 4(% ) PC-Th)
=2 f—l( —1y, )

S0 ("‘%) - -

-—-—'_-_-_-_-_-

= %) {FWL,)

i

11




M

13;1 Residue Thesves jémﬁdg = ET?FJj-i +=1]

= —i,ﬂ“
&) Caigs ¥ o
e Si0g

s deg= &b

LS‘ir::E«

Elf'ﬁulw pmﬁh qj %) is c?wm b& Sr03 =0

% e < s (g2

€ § -
A A AN TR

5’::: J.u{j llq?iﬂq ‘:i‘“'—‘i

Res 4D _ wo 9 %
= 3'::3 i!m,j ! ﬁ;=£3
=5
B %if)—m
Co5( o) wa S
- S
Bl R g
| 3 |
Ea, Pesidue dhasreo J e’ d} = 27% .F
e Sof >
= 27
6) Crayusle e® o2
imsng 18 Dhoe < s [g]=

pos: 4(3) = _e°

—

cosny

ﬂk Jir’gru.{ﬂa’ rjm,-u?j js G?WM 'EE‘_T



— |
sy =0 = Nk =20 +1)_g nel
A

=2 o+l &
% (__2'_‘_)4".: el

. B = I = S~ - (i

ba Ik

%Wﬁbw’ﬁ g= -‘__%; L lieo 1aasield 1§l =1

ges 430 = ) A= €
9=4 2 (V) qEy s kesTe.
) ) a\(9) = —n&any
=l 3ol




B,

] (3-078+2)
Mpulor poins g @) ore Fven ¥
(3-)"(2t2) =0

%—:‘EJ 1]

2 -2 4= >

[1=2]=["11=1 <2
SO e b
a siople pole lienoubside c

% 1l

Reodiny
Gen - h‘q‘ﬂ_ﬁ—d{
JoCrn)

“ﬂ*é%ﬁ) 2y
(5D

Re
s d)
= Lo g i{(g_oi '%1 ]

§=1 I
C 99 n{% '
G-+

= o
o 2,
3> d} ;,:)

= 11-:r'_: ;
3;;1[@2)@” =9

_ B+2>*
= (ﬂl\_;; 1‘31-1-
S s
: | fﬁﬂ) T T
Ba Residug thoovems J :
c@")}“gﬂ) d} = z??f[




A

wr

i dz
| example 7.3.9. Euaiuute:f o where O s |2] = 2.

¢ 2(z-1)

1
| W)=y
The singular points of f _Ifz] are given by
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= z=10),1

The singular points z = 0, 1 lies inside the curve C : |z] = 2. The singular point z = 1 is
ssimple pole and 2z = 0 is a pole of order 2.
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